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Trefoil knot, 33

Po(31ia,q.t) = Kiop kgl i |

Quantum super-A-polynomial:

AsPer(R 9:a,q,t) = ag + a1§ + 229>

a2tt(x — 1)%3(1 + aqt3%?)
e =
° q(1 + at3%)(1 + at3q—1%2)

a(1 + at*8?)(q — @*t2% + 2 (q° + ¢ + (1 + g°)at) %% + aq?t°%> + a%qto%*)

o = —
! (1 + at3R)(1 + at3q—1%2)
a = 1

Classical super-A-polynomial from g — 1 limit (no factorization!):

ATUPST(x yia,t) = a2tt(x — 1)x3 + (1 + at3x)y?+

—a(l — x + t2(2 + 2at)x> + at®x> + a%t®x*)y
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Trefoil knot, 33

Pa(31:3,q,t) = 33 g a" L2k gnlk— 1+ (" *a )i(—ata” q), J

(9:9)k

Quantum super-A-polynomial:

AsPer(R 9:a,q,t) = ag + a1§ + 229>
a2tt(x — 1)%3(1 + aqt3%?)

a3 =

° q(1 + at3%)(1 + at3q—1%2)

a(1 + at*8?)(q — @*t2% + 2 (q° + ¢ + (1 + g°)at) %% + aq?t°%> + a%qto%*)

a = =

! q2(1 + at3X)(1 + at3g—1%?)
a = 1

Classical super-A-polynomial from g — 1 limit (no factorization!):

ATUPST(x yia,t) = a2tt(x — 1)x3 + (1 + at3x)y?+

—a(l — x + t2(2 + 2at)x> + at®x> + a%t®x*)y

Note: AsPer (x, y;1,—1) = (1 — x)(y — 1)(y + x%)
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Trefoil knot — asymptotics

Pa(31:2,0,1) ~ / dz ek (Wizx+0Mm) J

W(31; 2, x) = —%2 + (log z + log a) log x + 2(log t)(log z)
+L12(X271) — LIQ(X) + Liz(fat) — LiQ(—atz) + LIQ(Z)

OW(31;2,x)

Saddle point: -

_ _ OW(81;20,%)
=0, y = exp (x%) ’

Z=2Zp

Eliminating z gives the same AS'P®"(x,y; a, t) as beforel
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Trefoil knot — asymptotics

Pa(31:2,0,1) ~ / dz ek (Wizx+0Mm) J

W(31; 2, x) = —%2 + (log z + log a) log x + 2(log t)(log z)
+L12(X271) — L12(X) + Liz(fat) — LiQ(—atz) + LlQ(Z)

=0, y = exp (x%) J

OW(31;2,x)

Saddle point: -

Z=2Zp

Eliminating z gives the same AS'P®"(x,y; a, t) as beforel
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Super-A-polynomial for (2,5) torus knot

0 0 -1 1
0 0 t2 -3 2t3
0 0 —2t2-2t3+¢td t$
0 0 2t4-2t6 0
0 0 -3tt-atdh-tf+2t7+2t% 0
0 -2 tS -4t7-3t%-¢° 0
0 2t +t8-t° -2 £8 - g0 4 g1 0
0 -4t8-3t%2-¢1° -2t 0
0 3t8+4t2+t0-2¢11_2¢22 0 0
0 2ttt -2 4¢3 0 0
-t12 2t12 4241315 0 0
2t12 t15_t16 0 0
_t12 t16 0 0
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Super-A-polynomial for (2,7) torus knot

0 [ 4 1 -1
o 0 o —t2e2¢8 -3¢
o 0 0 2624263 -2¢5 4 £8 -3¢f
0 0 o 2t a2t 44t t0 -t°
0 0 0 3ttratt e tfoat’-2¢%42¢° o
o 0 0 S3tfa2t7 4 7P 2¢% 210 2 g1t o
0 0 o 4tf+6t7+2t°-6t°-5¢0+28 42 0
o 0 3t 9t%+10tM0 4ttt -3 ¢12 et o
0 0 -3t% -2t gttt 3t046t2 2t 2¢e1 o
o 0 B4 ats2¢12 261 42 612 4 £15 -2 £16 o
o o —6t gt o5t a6ttt 2t! 3tte o
0 0 9248ttt 1S 210, 1 o o
o 0 -6t 121 10t Bt s 16t 48T 44t 0 o
0 0 S92 2810 - 20 0 0
0 3¢ —6t -8t -5t 6t Bt 22 o o
o —6 1 - t1% .2 ¢10 R S A R 0 o
o 3t 466026042820 -3t 22402 0 o
0 9t o100 -4t 43t 44t 4t -3¢% o o
0 4ttt 6t 5224222 0 o o
o 3t -2t 7P 22424284242 o 0 o
0 3ttt oat® o202t o o o
2 2t%5 - 220 -4 t7T 4 £7 0 o o
-3¢ 262642677 - 2¢2° 4 £30 o 0 o
3¢ €22 -2¢%0 0 0 o
-t %0 o o o

5/18



Super-A-polynomial for (2,9) torus knot
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Superpolynomial for figure-8 knot

P.(41;a,q9,t) =
= YR o(~1)ka ke 2k g ik LRl (qlon ), (~at3q" Y, q) J
n Pn(41;37 q, t)
11

2 a7 tt2 4+t g7 + 14 gt + at?

3 |[a2¢7 2t *+(a g 3 +a g )t 3+ (g 3 +atg a2+

g 2+g ttatra gt (g +34+q) (¢ gt atag et

+(4* + aq + a)t* + (aq® + ag®)t> + a*¢*t*
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Super-A-polynomial for figure-8 knot

We find quantum curve:

Zsuper(&,}f;;a’ q, t) = 30+31)A’+a2}72+33}73 J

Classicial limit and asymptotics:

ATPE(x yiat) = a2t®(x — 1)2x® + at®x?(1 + at®x)%y3+

+at(x — 1)(1 + t(1 — t)x + 2at3(t + 1)x® — 2at*(t + 1)x3 + a%t%(1 — t)x* — a%t3x%)y

—(1 4 at3x)(1 + at(1l — t)x + 2at?(t + 1)x* + 2a%t*(t + 1)x> + 3% 5 (¢ — 1)x* + a%t"x5%)y?
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Quantizability of A(x, y)

A-polynomials have very intricate structure! )

hlog Z = So(u) +...= [logy® + ... must be well defined, irrespective
of integration cycle, which implies:

f@%MWﬁM*MMﬂmﬂ)=O

1
iz § (loglxldlogly| + (argy)d(amg ) € @
ol

Necessary condition from Newton polygon:
o write A(x,y) =3, ai X'yl
e construct face polynomials f(z) = 3", axz, for a4 along all walls
@ find roots of all face polynomials

A(x, y) is quantizable requires that all these roots are roots of unity J
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Quantizability of super-A-polynomials

How to reconcile quantizability constraints and seemingly aribitrary
values of a and t 7!

face face polynomial for (2,2p+1) torus knot
first column —(at?)PPt1)(z — 1)P
last column (—=1)P(z + at3)P
first row zaP — 1
last row —(atz)P(P“)(z _ (atZ)p)
lower diagonal (—1)P(at3)P(z — aP*? t2p+1)P
upper diagonal (-1)P+taP(z + apt2p+2)P
Quantizability of A'P*" requires that a and t are roots of unity! J

Consistent with other examples, as well as a = g"'!
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Brane system and topological strings

space-time : R x R* x T*S? &ﬂ

U U L
N M5-branes  : RxR? x S* 8 ~ )
|R| M5-branes : RxR? x Lg ~—

After geometric transition we obtain resolved conifold, with framed
brane amplitude 1/™*f(x) computed by refined topological vertex, which
satisfies (in)homogeneous difference equation (Igbal-Kozcaz-Vafa,
Fuji-Gukov-P.S.):

q1 . qi ., aN\f /250 o\F+1),ref N
1— =9+ —%(-9) +Qaq;""%(—y )1/1 x) =1-—
( o)t () + Q% (=9) (x) -

¥"*f(x) can be interpreted as unknot superpolynomial in “Macdonald”
basis (Igbal-Kozcaz, 2011)
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Dual 3d, N=2 theory associated to the knot complement

twisted superpotential
chiral field ¢ — ~ . )
AW = Lip ((~£)" IT;(6)™ )

Therefore the spectrum of the theory can be read off from W:

W(31; z,x) = Lip(xz™1) — Lia(x) + Lip(—at) — Liy(—atz) + Liy(z) + . . J

3iknot |1 ¢o  P3 P4 @5 |parameter

1
UD)gauge| -1 0 0 -1 1 z
Ul)r |0 0 1 -1 0| -t
Ul)g |0 0 1 -1 0 a
U(1), 1 -1 0 0 O x

@ SUSY vacua: extremize with respect to dynamical fields: %TM-/ =0

o therefore super-A-polynomial describes SUSY vacua of Ty_gs\x
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Theories dual to (2p + 1) knots

Superpolynomial for theory A, from refined Chern-Simons theory: )
ps’ _ Z (qt2 q)e(— at3; Qrt (—aqflt; 9)r—e(q; ). (1 7q2e+1t2)
— (49t Q)rre(q; q)r—e(—at3; q), (1—qt?)
2p+1
x(—1)"a~ 2q775t p—l+% {(_l)za;qﬂgunt;{q

The same superpolynomial, but for theory B, from differentials (ko = r): J

st pr _—pr r ky kp—l
SR CA I I A
0<kp<...<ka<hks <r

k;
X q(2r+1)(k1+kz+ ko) =220, ki 1k,t (ka+ka4...+kp) f[(1+aqi—2t)

i=1
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Theory A for (2p + 1); knots, from refined Chern-Simons

o | parameter

== wold
I—‘OI\JI—‘\‘@

oo o~
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Theory B for (2p + 1); knots, from differentials

$1 P2 ¢P*1 ¢p ¢p+1 ¢p+2 ¢p+3 ¢p+4

U(l)gaug&l 1 0 0 0 0 -1 0 -1 |z
U(1)gauge)2 -1 1 0 0 0 0 Z>

. 0 —1 . .

: : : 1 0 : : : :
U(1)gauge,p 0 0 -1 1 0 0 0 0 |z
U(l)F 0 0 0 0 0 0 1 -1 |-t
U(l)Q 0 0 0 0 0 0 1 -1 | a
U(l)X 0 0 0 0 -1 1 0 0 X
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Quiver for Tk theory for twist knots, K = (2n + 2);
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Summary
Discussed today...

Homological knot invariants governed by classical and quantum
super-A-polynomial, A*'P*'(%,¥;a, q,t)

@ which encodes color dependence of knot superpolynomials...
@ ...including their t-deformation and @-deformation

@ ...and also encodes information about a dual 3d theory

@ Find ASUP*" for other knots

@ Understand the structure and properties of ASUPe"

o Consider different gauge groups, spacetimes, representations, etc.
ASUPer from gluing? topological recursion?

implications for dual 3d N=2 theories?

...and many more...
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Thank you! J

& FNP  Foundation for Polish Science
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