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Figure 6: The Dedekind tessellation. Graphic created by and used with
permission from Gerard Westendorp.

Example 21. A distances relation for the elliptic modular tessellation.

The Dedekind tessellation is the tiling of the upper half plane for the
action of PSL(2; Z). The light, respectively dark, triangle tiles form a single
PSL(2;Z) orbit. The tessellation vertices are fixed points for the group
action. There are two orbits for vertices. There are also two orbits for ideal
lines. The first consists of the lines containing a single order-2 fixed point.
The second consists of the lines sequentially containing an order-2, an order-
3 and an order-2 fixed point. ‘We refer to the types as 2-lines and 323-lines.
We consider the lines with weights: w = +1 for 323-lines and w = —1 for
2-lines. The system of weighted lines is PSL(2; Z) invariant.

The formula of Theorem 19 provides a relation for the distances between
lines for the Dedekind tessellation. For any choice & of a 323-line and & of
a 2-line we have

©
Y. wmRE@n) - Y.  wmRE(Gn) = ,cy,j ,3_2?1%
ultraparallels to @ ultraparallels to & a
for R(d) = ulog((v+1)/(u— 1)) — 2 and u = cosh d. Ultraparallels are the
tessellation lines at positive distance.
We find the relation as an exercise in evaluating the formula of Theorem
19. We begin with the geometry of the tiling quotient. We work with the
thrice-punctured sphere uniformized by the projectivized index 6 subgroup
PT'o(4) C PSL(2;Z) of matrices with lower left entry congruent to 0 mod 4.
A fundamental domain for PT'3(4) is given by the twelve light and dark tri-
angles intersecting a given 323-line. The PT'y(4) quotient has three 323-lines,
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